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Abstract. We examine the axially symmetric solutions to the Navier- 
Stokes equations in a periodic cylinder with the slip boundary conditions 
on the lateral part of the boundary. Having initial velocity v{0) G H^{Q) 



we prove the existence of local regular solutions such that v G '^(Q^*) 
Vp G L2(0-^*), where is so small that 

cT:^/^\\v{0)\\H^n) < 1- 



belongs to C^/^'^/^(0"^*) and vanishes 



(1) 

liv E '^(^'^*) then swirl u = rv^^ 
on the axis of symmetry. 

Let Vr, v^, Vz be the cylindrical components of velocity and x = "i^r,. 
Introducing the quantity (c > 1) 
(2) 



a 



\\vmmiii) + 



+ 



L4(n) 



+ 



Lam 



x(o) 



L2(n) 



> \\v{0)\\m{n) 
we derive the estimate 

(3) 
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Defining T by the relation 

(4) cT^/'^a < 1 
we have that T <T^. Then (3) yields that 

(5) IKT)||hho)<«- 

Starting from time t = T with initial data satisfying (5) and repeating the 
above considerations the existence in the interval [T, 2T] is proved and 
also estimate (3) holds, so 

(6) ||^(2T)||Hi(n) <a. 

Since estimate (3) is a global a priori estimate the extension can be per- 
formed step by step in all intervals (fcT, (k + 1)T), k e N. Therefore, we 
prove the existence of such solutions that 

V e W^'\n X {kT,{k + l)T)), Vp e L2(0 X {kT,{k + l)T)), k e NU{0}, 
where T is determined by (4) with a introduced in (2). 

1. Introduction 

We consider the axially symmetric solutions to the problem 

vt + v -Wv -diYT{v,p) = in Q'^ = Qx {0,T), 

divv = in il^ , 

vn^O on S'^ ^ S X (0,T), 

(1.1) ^ ' 

n ■ D(t)) ■ f„ = 0, a = 1,2, on ^f, 

periodic boundary conditions on S2, 

v\t=o = vq, in Q, 



where f2 C is a cylinder with boundary S = Si Li S2, Si is parallel 
to the axis of the cylinder, but S2 is perpendicular, v = {vi{x,t),V2{x,t), 
V3{x,t)) e IR^ is the velocity of the fluid, p = p{x,t) e M the pressure, 
X = (xi, X2, X3) are the Cartesian coordinates such that X3 axis is the axis 
of the cylinder, n is the unit outward normal vector to S'l, f^, a = 1,2, is 
the tangent vector to Si and the dot denotes the scalar product in M"^. 
By T{v,p) we denote the stress tensor of the form 

(1.2) T{v,p) = iyB{v) - pi, 
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where > is the constant viscosity coefficient, B){v) is the dilatation 
tensor of the form 

(1.3) B{v) = {vi,^. + Vj,^.}^j=i,2 

and / is the unit matrix. 

We are interested to examine axially symmetric solutions to prob- 
lem (1.1). Hence we introduce the cylindrical coordinates r, (p, z by the 

relations Xi = rcos<f, X2 = r sin 99, X3 = z. 

We assume that O is axially symmetric bounded cylinder with axis as 
the axis of symmetry. Let R and o be given posite numbers. Then 

J] = {a; e : r < R, \z\ < a}. 

Hence 

5i = {x e : r^R, \z\ < a} 

and 

^2 = {x e : r < R, z is equal either — a or a}. 
Let us introduce the vectors 

Cr = {cos(fi,sm(fi,0), e^p = {— sm(fi,cos(fi,0), 6^ = (0,0,1), 

which are connected with cylindrical coordinates. Then the cylindrical 
coordinates of velocity are defined by the relations 

(1.4) Vr = v - Er, v^ = v-e^, Vz = V ■ Eg. 



Definition 1.1. By the axially symmetric solution to problem (1.1) we 
mean such solution that 

(1.5) Vr,^ = V^^^ = Vz,^ = p,^ = 0. 

The aim of this paper is to prove the existence of global regular axially 
symmetric solutions to problem (1.1) with large swirl u, which is defined 

by 

(1.6) u = rVtp. 

We have to recall that behavior of axially symmetric solutions is essen- 
tially different near and far from the axis of symmetry. An appropriate 
a priori estimate near the axis is found in [Zl]. In this paper we show 
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a corresponding estimate outside of the axis. Hence the estimate in the 
whole domain Q follows. The estimate, we are looking for, is for the norm 
t G M+. The estimate is sufficient to prove the existence of 
global regular axially symmetric solutions to (1.1). 
To formulate the main results of this paper we need 
Assumptions: 

1. Let vq G iv2(0) and let di be a positive constant such that 

2. Let uq G Loo(f^) and let d2 be a positive constant such that 
||wo||l^(o) < d2. 

3. Let Ci — Ci{f) be a smooth cut off function such that Ci('') = 1 for 
r < ro and Ci('') = for 2ro < r < R. Next C2('') = 1 for r > ro and 
C2(r) = for r < ^. Finally C3(r) = 1 for r > 2ro and (sir) = for 
r < ro. Moreover, {Ciir)X3{i^)} is a partition of unity in [0,i?]. Let 

= n n supp (i and i = 1, 2, 3. 

4. Let Uq G C"(ri), Oi < ^- Let ro be so small that 



(1.7) 
5. Assume that 



X(0) 



< oo. 



L4(nci) 



< oo. 



L2(nci) 



6. Let 



Ai^<p{di,d2,l/ro){l + 



+ 



x(o) 



L2(fici) 



A2 = ifiidi, l/ro)(l + ||%(0)|U3(n,^) + ||x(0)||L2(n,,)), 
A = Ai +A2, 



A3 = ip{Ai){di + d2) + c{^\v^{Q)\\m{a) + 



where is an increasing positive function. 



L27 (fi) 

TD 



Theorem A. Let assumptions 1-6 hold. Let uq G C°'{fl,), a < 1/2, 
vq G H^{Q). Let a — Ai + A2 + As. Let c* be some positive constant. 
Let T be such that c*T^/^q; < 1. Then there exists a global regular 
axially symmetric solution to (1.1) such that v G '^(fi x (kT, {k + l)T)), 
Vp G L2{n X (/cT, {k + 1)T)) A; G N U {0} and 



(1.9) 



Mw^'\nxikT,ik+l)T)) + l|Vp||L2(nx(fcT,(fc+l)T)) 

< (p{a, ||Mo||cV2(n)) + c||vo||i7i(n). 
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Theorem B. In the above case we have uniqueness of solutions. 

Now we shall describe shortly the proof of Theorem A. Having that 
v{0) e H^{Q) we prove a local existence of solutions to problem (1.1) such 
that V e W^'^{Q'^*), Vp e L2ifl'^*), where is so small that 

(1.8) c,Ty^\\v{0)\\H^n) < 1, 

where constant c* is described in (3.3). 

Then it follows that v e (0, T^; Lp{Q)), where | + ^ = i. Next Theorem 
5.4 from [Z4] implies that u e C(0,T*; C^/^(n^J), where is described 
in the above Assumption 3. 

Since u is continuous, belongs to a cylinder with radius 2ro and u 
vanishes on the axis of symmetry we obtain for tq sufficiently small that 

(1-9) ll«llc(o,T.;Ci/2(nci)) < Y^^- 

Then Lemma 6.4 from [Zl] yields the estimate 

(1-10) h'\\v,H^-p<Ai, 

where v' = {vr,Vz). 
Moreover, Lemma 5.2 yields 

(1.11) <^2. 

Since {Ci^Cs} is a partition of unity estimates (1-10) and (1-11) imply 

(1.12) Wv'WviiQT,) <Ai+A2. 

The estimate as a priori is valid for any > (see Lemma 6.4 [Z.l] and 
Lemma 5.2). By Lemma 4.1 we have that 

(1.13) \KmH^{n)<As, teR+. 
From (1.12) and (1.13) we derive 

(1.14) \\v{T.)\\miQ) <Ai+A2+A3 = a. 
Let T be such that 

(1.15) c^T^/^a < 1, 
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and T <T^ because || 1^(0)11^^1(0) < a. Hence (1.14) takes the form 
(1-16) ||^;(T)||^,i(o) <a. 

Using that ||f (T)||//i(o) < a we can repeat the above considerations for 
any interval [kT, {k + l)T], k eN. 

The above extension in time of the local solution is possible because Ai, 
i = 1,2,3, do not depend on time and estimates (1.12), (1.13) are global 
a priori estimates (a priori means that it is supposed that there exists a 
solution to (1.1) such that v e W^2^'^(n x M+)). 



2. Auxiliary results and notation 

Definition 2.1. We introduce the spaces 

V^{Q'^) = {u : ||w|U<^(o,T;L2(n)) + ||Vu||i,(oT) < oo} 

and 

V^{Q X {kT, {k+l)T)) 

= '■ \ML^ikT,(k+l)T;L2{n)) + ||VM||L2(Ox(/cT,(fc+l)T)) < Oo} 

where keNo = NU {0}. 

Lemma 2.2. Assume that vq e I/2(n) and di > is a constant such that 
||i^o||L2(n) < di. Then 

(2-1) lb(*)IU2(n) < lbo||L2(n) < di. 

Assume that do > is a constant such that uodx\ < do. Then 



(2.2) 



u{t)dx 



uodx 



< do. 



Assume that T > is fixed. Then 



(2.3) 



V°iQx (kT, 



where t G [kT, {k + l)T], k G No, i'* — I'l + 1^2, I'i > 0, i — I, 2, 
Ck is the constant from the Korn inequahty (2.5). 



Ck 



Proof. Multiplying (l.l)i by v, integrating over Q, using (1.1)2 and 
boundary conditions we obtain 

(2.4) ^M\l,in) + ^En{v) = 0, 
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where 

En{v) = \mv)\\l^^^y 

Integrating (2.4) with respect to time and omitting the second expression 
on the l.h.s. imphes (2.1). 

From [Z3, Ch. 4, Lemma 2.4] we have the following Korn inequality 

(2.5) II <Ck(^EQ{v) + ^J vrjdx 

n 

where rj = {—X2, xi, 0), v ■ rj = rvtp = u. 

Now we calculate the last term on the r.h.s. of (2.5). Multiplying 
(l.l)i by rj, integrating over Q, using (1.1)2 we obtain 

(2.6) ^ J V ■ rjdx — J ViVjViTjjdx + J TijViTjjdx = 0, 

where the summation convention over the repeated indices is assumed. 
Using that Wrj is antisymmetric tensor we see that (2.6) implies 

(2.7) — j vr]dx^Q 
Hence 



(2.8) j u{t)dx = j uodx. 

Employing (2.5) and (2.8) in (2.4) yields 

(2-9) ^ll^llL(n) + ^*M\hi(q) < 4, 



V 

Cfe 



where the inequality (2.2) was used and z/* 

Let = ui + 1'2, t^i > 0, i = 1,2. Then (2.9) implies 

(2.10) |(ll^llL(n)e'^^0 +^2||^|ll,i(n)e'^^* < dy^\ 

Integrating (2.10) with respect to time from kT to t yields 

t 

lkWllL(a)+^2e--*/ \\v{t')\\l,^^^e'^^''dt' 

(2.11) kT 

<f + e--^*-'=^)|K/cT)||i^(^), 
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where t e [kT, {k+l)T]. 

Omitting the first norm on the l.h.s. of (2.11) we obtain 



(2.12) 

kT 



^2 / lk(0lll.i(O)rf^'<fe-(*-'=^) + ||^(/cT)|| 

kT 

te [kT, {k + l)T]. 



2 

L2(n)' 



Hence, (2.11) and (2.12) imply (2.3). This concludes the proof. 
From properties of V2{^^) we have 

(2-13) \\v\\Lg{0,T;L^{n)) <C2\\v\\vO(^nT^, 

^^^^^ 3 2 3 

- + ->-. 
p q 2 

Let us consider the problem 

Vt — divT{v,p) = f in fl^, 

divv = in f]"^, 

(2.14) 

v-n — 0, n ■I}{v) ■ fa — 0, a = 1,2 on 5"^, 

v\t=o = vq in Q.. 

From [ZZ] we have 

Lemma 2.3. Assume that f G Ls{0,'^), Vq G Ws~'^^^ (Q.), s G (1,oo), 
Si C C^. Tien there exists a solution to problem (2.14) such that v e 
Wg'^{fl'^), Vp e Ls(n^) and there exists a constant c = c{Q, s) such that 

(2.15) II 

'^lliVs'^(nT) + ll^/'lUsCn^) ^ c(l], s)(||/||i,^(j^T) + ||i;o||^2-2/s^j^p. 

In view of Definition 1.1 equations (1.1) 1^2 for the axially symmetric solu- 
tions assume the form 

(2.16) Vr,t + V ■ VVr — — v!S.Vr + V—^ = —p^ri 



(2.17) v^^t + V ■ Vv^ + -^v^ - uAv^ + v-^ = 

(2.18) Vz^t + V ■ Vvz - i^Avz = -p^z, 
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(2.19) 



where ?; • V = Vrdr + Vgdz, Am = ^{ru^r),r + u^zz. 

The shp-boundary conditions (1.1)3,4 on Si imply (see [Z3, Ch. 2]) 



(2.20) 



Vr = 0, Vz,r = 0, V^^r = -^Vyp On Si 



Lemma 2.4. For the weak solutions to problem (1.1) we have the esti- 
mate 



(2.21) 



\''^\\v°{nx{kT,t)) + 



+ 



L2(nx(fcT,t)) 



L2(nx(feT,t)) 



< co||vo||i2(n) = dl, 



where cq = c{T + l),t e [kT, {k + l)T], k eNo and c is the constant from 
imbedding H\n) C L2{Si). 



Proof. Multiplying (2.17) by v^p, integrating over Q and using boundary 
conditions (2.20) yields 

a 



r v'^ 

+ v j -^dx = 



Multiplying (2.16) by Vr, integrating over Q and using boundary conditions 
(2.20) implies 



J ^^^^ ^ J ^^^^^ J (''^r,r + '^r,z)dx + ^ J 



J v^dx - j 

= — J p^rVrdx. 



Multiplying (2.18) by Vz, integrating over Q and using boundary conditions 
(2.20) we obtain 

^lij ^^^^^ ^ ^ / ^^^'^ ^ '"z,z)dx =- j p,zVzdx. 
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Adding the above equations, using (2.19) and the inequahty 



we obtain for sufficiently small £, 
(2.22) 



a; 



Integrating (2.22) with respect to time from kT to t & {kT, {k + 1)7"], 
e No and using (2.1) yields 



1^(^)11 



2 



L2(n) 



t * 2 2 



kT fl kT n 

j2 , ||„./';^mM|2 



<cTdf + |K/cr)||i^(„). 

Applying again (2.1) gives (2.21). This ends the proof. □ 
Let us introduce the component of vorticity 



^2,r • 



(2.23) X = Vr,z - 

Then x is a solution to the problem (see [Zl, Z3]) 



_ Vr 

Xt+v-Vx X - 

r 



(2.24) =2»^, 

xlsi = 0, x|s2 satisfies periodic boundary conditions, 
xk=o = Xo- 



Definition 2.5. By V2^(f2^), A; e NU{0}, we denote the space of functions 
with the following finite norm 



\u\ 



V2'=(nT) - esssupi^[o^T]||w||ii-fe(f2) + ||Vu||i,2(o,T;//fc(a)), 



where 

1/2 



= dxl^x^d^h a = ai + a2 + aa, CKj e N U {0}, z = 1, 2, 3. 
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Remark 2.6. From (2.21) we have that swirl u = rv^p satisfies 



(2.25) 



<di, 



but from [Z4] it follows that u e C"*'"/2(f]^), a > 0. Hence ^1^=0 = 0. 

Lemma 2.7. Let di, d2 he given positive constants. Let ||vo|U2(n) — di, 
\\u\\l^{Q'^) < d2 (see Assumptions 1, 2). Then 

(2.26) \K\\L,inT)<dl/''dl/\ 

Proof follows from application of Lemma 2.4 and Lemma 2.1 from [Z4]. 

3. Local existence 

We prove a local existence of solutions to problem (1.1) by the Leray- 
-Schauder fixed point theorem applying the old idea of O. A. Ladyzhen- 
skaya (see [LI, Ch. 4, Theorem 1']). 
Let us consider the problem 

Vt — vi^v + Vp = —V ■ Vv in O^, 

divt' = in fig , 

(3.1) n ■ = 0, n ■ T(t;, p) ■ Tq. = 0, q: = 1,2, on SiUSj, 

periodic boundary conditions on S2 ■, 

v\t=o = v{0) in fig, 

where Qe = {x e Q: r > e}, Se = {x e M^: r = s, \z\ < a}. Setting s = 
we obtain problem (1.1). 

In view of [S, ZZ] there exists a constant cq such that solutions to (3.1) 
satisfy the inequality 

(3-2) ll^llwl'i(nT) < co{\\v ■ Vv||L,(nT) + 11^(0)11^^1(0^)). 

Theorem 3.1. Assume that v{0) e H^{^1). Assume that T so small that 

(3.3) c,tV2||^(0)||^i(^) <1 

where c* is such constant that (3.10) is satisfied. Then there exists a 
solution to problem (1.1) such that v e VF^'^l^'^)? ^ -^2(^^)7 where 
T satisfies (3.3) and 

(3.4) \Mw^-\nT) + l|Vp||L,(nT) < 8co||v(0)||Hi(n), 
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where cq is taken from (3.2). 



Proof. Since we a going to prove the existence of solutions to problem 
(3.1) by the Leray-Schauder fixed point theorem we restrict the proof to 
show only estimate (3.4) because other steps of it are clear. We shall skip 
the index e in Og for simplicity 

Now we examine the first term on the r.h.s. of (3.2). We estimate it 

by 

1/2 1/2 

JdtJ\v Wv\'dx^ <{^j ||^(t)||L(n)l|V^(t)|lL(0)^^' 



Q. 

T 



1/2 

< sup \\Vv{t)\\L,^a) ( j ||^(0llL(O)C«t) = h 



Prom [BIN, Ch. 3, Sect. 15] we have 

(3-5) ll^'llL^(n) < ci||fxx|li/(a)ll^llL/(n) +ci||^llL2(n)- 



Using (3.5) in Ii yields 

_ T-l/SlU, l|3/4 



h < sup \\'^v\\L2{U)iciT^/^\\v^^f/^^^T^ sup \\v{t)\\\^^ 



+ ciTi/'sup||^(t)|U,(0)) = /2. 

Employing 

sup||Vv||L2(n) < sup||v(t)||Hi(n) < C2(lbl| w^.^qt) + \\v{0)\\m{Q)) 
and the energy estimate (2.1) in /2, we obtain from (3.2) the inequality 

IMw^'^a-r) + \\^P\\L2{nT) < CoC2{\\v\\^2,i^^T^ + || w(0) || //i )• 
• (cirl/8||^^^||3/4^^^d;/4 +Cirl/2d,) +co||^(0)||^i(a). 

Assuming that T is so small that 

(3.6) CoC2Ci{T^'^V^a:tj^^^^T/^'^ + T^'^d^) < 1/2 

we obtain the inequality 

(3 7) II'^IIm^s-'C"^) + ll'^^'ll^2(n^) < 2coCiC2(ri/'||^;||^ti(j^T)t^!^^ 
+ T^/^di)\\v{0)\\HiiQ) + 2co\\v{0)\\ 
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By the Young inequality applied to the first term on the r.h.s. of (3.7) we 
have 

^4/3 

+ ^(2coCiC2TV2cJ;/4||^(0)||hi(o))^ 
+ 2co(ciC2TV2c/, + i)||^(0)||^i(^). 

Setting = I so £ = (f)"^^^ the above inequality yields 

1 27 

+ 2co(ciC2TV2rf, + 1)11^(0)11^1(0). 

Simplifying the inequality yields 

h\\w^'\nT) + l|Vp||L2(^7T) < [27(coCiC2)^T2rfi||i;(0)|||^i(f2) 
+ 4coCiC2Ti/2^i]||^;(0)||Hi(o)+4co||^;(0)||^ji(n). 

Assuming that T is so small that 

(3.8) 27(coCiC2)^T2di 11^(0) +4coCiC2Ti/2di < 4co 

we obtain (3.4) after passing with e to 0. 

Using (3.4) in (3.6) we assume the stronger restriction 

(3.9) coCiC2[(4co)'/^TV8d;/4 + T^/^d^] < 1/2. 

Using that di < ||f (0) wee find constants Cj, z = 1, . . . , 4, such that 
(3.8) and (3.9) can be expressed in the form 

ciT2||^(0)||lfi(o) +C2Ti/'lb(0)lki(a) < |, 

(3.10) 2 
C3TV8||^(0)||J/,%) +C4TV2||^(0)||^.(,,) < -. 

Therefore there exists a constant c* satisfying 

c.T^'''\\v{mm{a)<i 

and such that (3.10) is satisfied. This concludes the proof. 
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4. Estimate for the angular component of velocity 

In this section we prove the foUowing estimate 

(4.1) \Mt)\\H^Q) < d5, 

where does not depend on t. 

For this purpose we consider the problem for 

u u 

v^^t - i^^v^p + v' -Vv^ + + u-^ = in fi^, 



on Sf, 



(4.2) . . ^ 

Vip\s2 ~ is periodic 

V:fi\t=o = v^{0) in Q. 

Lemma 4.1. Assume that there exists a local solution described by The- 
orem 3.1. Assume also that Aq = Ai + A2 is hnite (see assumptions from 
Section 1 ). Assume that 

d5 = (p{Ao){di + d2) + c(||v^(0)||Hi(n) + hv{^)\\w^/^>^) 

5/2 ^ ' 



+ 



< A. 



L27(n) 



is hnite and does not depend on t. Then (4.1 ) holds for any t e M+. 



Proof. Multiplying (4.2) 1 by v^^t and integrating the result over yields 



ly d 



V d /■ f , 



n 



<*'^^+2rf^y "^"^I'^^+iiy ^^^^ 



a 

^ d f 2\ ^1 f 2 , l/"i/^i2 7 

(4.3) ~2di J '^^1^=-^^^ ~ 2£7 / ' 



£2 











2^2 ,/ 


r 



v^dx. 



Setting £1 = £2 = I we get 



1 



z/ (i 



(4.4) 



2 J <*^^+2dtyi^"^l'^^+2cZty 
n n n 



(i 



dx 



< -— / 1^ 



J v'^\r=Rdz + J \v' ■'^v^l'^dx + 

-a Q 



2dt I ^ 

—a 



/ 






r 



v^dx. 
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Integrating (4.4) with respect to time and using estimates 

(4-5) ll^'||L,o(f2-) <V'(^o) 

from [Zl, (6.19) and (6.20)], 



(4.6) 



from [Zl, (6.38)], and (sec (4.17)) 

(4-7) \K\r=R\\L^{nT^ < cllwolU^cn) 



we obtain 



J v^ ^dxdt-\-v J \VVip{t)fdx + v J ^^^dx 



(4.8) 



< / vl,\r=Rdz + iy / \Vv^{0)\'^dx + u 



dx 



+ if{Ao){\\VvJi 
where the first integral on the r.h.s. is bounded by 

c||w(0)||L^(n). 

To estimate the norms from the last term on the r.h.s. of (4.8) we introduce 
the Green function to problem (4.2). Let us denote it by G. Then we can 
express (4.2) in the integral form 
(4.9) 

v^{x,t) ^ J VyG{x - y,t - T)v'v^dydT 

- J G{x -y,t-T) (^''^'P + ^y^'^ 

+ J G{x - y,t)v^{y,0)dy + J G{x - z,t - t)v^{R, z)dzdT. 



n 



SI 



From (4.9) we have 



T\ + 



(4.10) 



5T^ 



+ 



+ IK(0)||^,_l^^^+c|KO)|U^(a)^, 
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where the last norm estimates the last integral on the r.h.s. of (4.9). 

To estimate the norm || Vvc^Hx^g^^Cn^) appearing on the r.h.s. of (4.8) we 



assume a 



Now we estimate the particular terms on the r.h.s. of (4.10). We bound 
the first term by 



v' 




v' 






— u 






r 



< \Wm\L^in) 



<^(^o)imo)iu^(o), 

where we used (6.19), (6.20), (6.38) from [Zl] (see (4.6), (4.7)). 
The second integral on the r.h.s. of (4.10) is estimated by- 



is (n^) 



< ll'f^rllLio(fiT) 



< <f{Ao)di 



where we used (6.19) and (6.20) from [Zl]. 

Assuming that v^p > 1, because otherwise we have regularity of axially 
symmetric solutions (see [NPl, NP2, P]), the third integral on the r.h.s. 
of (4.10) is bounded by 



(4.11) 



Finally, the fourth term on the r.h.s. of (4.10) equals 



1^^(0)11 



w 



1-4/5 

5 

2 



(n) 



To estimate (4.11) we introduce the quantity a; = ^ and multiply (4.2)i 
by -. Then we obtain the following equation for u) 



u) t + v' ■ Vu) H -u! — vAu) u! r = in fl^ , 

r r ' 



(4.12) 



on Sf, 

U)\s2 — periodic with respect to z, 
u>\t=o = '^(O) in Q. 

Multiplying (4.12) by C(;|c(;|^~^ and integrating over Q yields 



1 d 
s dt 



(4.13) 



a Cl —a 

a 

= -2 y —\oj\^dx+— J \uj\^^^jidz. 

Q —a 
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Applying the trace estimate 

a 

J \\u'/^\^dz<e J \V\u\'/^\^dx+^ J \uj\'dx 



n 



to the last term on the r.h.s. of (4.13) and assuming that e = ^-y- we 
obtain 

-— / \ijj\^dx-\ ^-^ — - I V w^/^rda; 

sdt J J 



(4.14) 



<-2 / '^\oj\'dx+ 



s - 1 



\ijj\^dx. 



(4.15) 



Integrating (4.14) with respect to time we get 

1 J J \V\u\^/^\^dxdt' 

<2y" ^ \oj\'dxdt' J \oj\'dxdt' + ^ J \u{0)\'dx, 

where the first integral on the r.h.s. is bounded by 

lkllLo,(n*) ^ ^(^o)||c^||lio,(n*)' 
iio(n*) ^ ^ 

where (6.38) from [Zl] was used. 

Setting s — ^ and using the energy estimate (2.21) we derive 

(4.16) ll-^llLaCn*) < 'PiAo, di)di + c||a;(0)||L9 (n), 

5 

where and c do not depend on t. 

Next, setting s = |^ in (4.15) and employing (4.16) we obtain from (4.15) 
the estimate 

(4.17) ||w||L9/2(n*) ^ 'p{Ao,di)di + c\\u{0)\\l^^^q), 

10 

where (p and c do not depend on t. 

The inequality is sufficient to estimate (4.11). Summarizing, we have 



VlU5/2(n^) + l|V^;^||L5/2(n^) < v(^o, di)[\\u{0)\\L^^Q) + di] 



(4.18) 



+ c(||%(0)||^^l/5(^) + 



L27(n) 
10 



+ imo)|U^(a) 
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Using (4.18) in (4.8), applying the trace estimate to the first integral on 
the r.h.s. of (4.8) and employing (2.21) we obtain 



KmHHii) < <p{Ao,di){\\u{0)\\L^^^) + di 



(4.19) 



+ c\^\\v^{0)\\m{n) + \K{0)\\w^/^(n) 
+ lk(0)|U^(fi)' 



^^(0) 



■^^27/10(^2) 



This concludes the proof. 



5. Existence 



Let Ci = Ci(^) be a smooth function such that Ci(^) = fo^^ ^ ^ 2ro 
and Ci(^) = 1 fo^^ ^ ^ '''o- By C2 = C2(^') wc denote such smooth function 
that C2('') = 1 for r > ro and C2('') = for r < ro/2. Let us introduce the 
notation: 

Prom Lemma 6.2 in [Zl] we have 

Lemma 5.1. Assume that v is a weak solution to problem (1.1). Assume 



that V e (^^) and u e Ci/2'V4(j]T)_ j^^sume that 
L2{VL). Then 



,'(1)1 



v^i^T) < (fi{di,d2,l/ro) 



(5.1) 



1 + 



4'^(o)]^ 



L2(n) 



+ 


x(i)(o) 








r 


L2(n)- 



In view of (2.24) x^^^ is a solution to the problem 

(2) . — fo^ Vr 



(5.2) 



Xf + V ■ Vx^^) - ^X^') - V ■ VC2X 



X 



(2) 



X 



(2) 



^Cl,. + 2^ CI,. 



XCl.rr 



0, X^^)|t=o = X^'^(0), 



(2), 



X^^^lsa satisfic periodic boundary conditions with respect to z. 
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Lemma 5.2. Assume that v is a weak solution to problem (1.1). Assume 
that v^{0) e L49/i8(^^cJ, X^'^O) e L2{n). Then 

(5.3) ||x||yo(nT ) < c(l/ro, di, d2){dl + \\x^'\0)\\L,ici)), 

where = {x e Cl : C^i^) = !}• 



Proof. Multiplying (5.2) by integrating over Q and using the bound- 
ary conditions yields 



1 d 
2di 



/ 




dx + v 


y(2) 

V 




r 




r 



n 



(5.4) 



— 



n 



-Clr + 2 



2 






r ^; • VC2X 






~ XCl.rr 


—^dx 



X 



(2) 



+ 2 



/ 



^(2) (2) (2) 



dx 



The first term on the r.h.s. is estimated by 



X 



(2) 2 



L6(n) 



+ c(l/£,l/ro)|b,||i^(n) 



where ^ = Qn supp C2,r 

The second term on the r.h.s. of (5.4) we express in the form 



—v 



X^ .2 X^ >2 



3 Clr - ^Clrr ]Cidx " 2^ / ( f j ^^klrCldx ^ I. 



Q, a, 
Integrating by parts the second integral in / takes the form 

,2 



^ / ^iC2Clr),rdrdz. 



n 



Hence, 

|/| < c(l/ro) J x^dx. 
n 

Finally, the last integral on the r.h.s. of (5.4) is estimated by 

.(2) 2 /. u,(2)|4 



J da; + c(l/£) J ^-^dx. 
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Using the above estimates in (5.4), assuming that e is sufficiently small 
and integrating the result with respect to time we obtain 



(5.5) 



X 



(2) 



< c{l/ro)dl 



L2(0,t;L3(fic2 J) 



+ c{l/ro)dl + c{l/ro) J Iv^^^l'^dxdt 



L2(n) 



where estimate (2.21) is employed. 
In view of (2.26) and the interpolation 



X 
r 

< e 



< e 



L2(0,T;L3(nc2_^)) 
2 



V- 



+ c{l/e) 



rX 



+ c(l/e,l/ro)rf?,(l + rfl), 



we obtain from (5.5) the inequality 
(5.6) 



X 


2 

< e 


X 


2 


r 


^2° 


r 


^2°("*C2) 



+ c(l/£, 1/ro, di, d2)d\ + 



L2(n) 



By the local iteration argument (see [LSU, Ch. 4, Sect. 10]) inequality 
(5.6) for £ < 1 implies (5.3). This concludes the proof. 

In view of (5.3) we have the estimate for x e ^2^(0^^), where Q,^^ = 
{x E fl : C2{r) = !}■ Take a function ^3 = C3('') such that supp^s C 0,^^. 
Now we consider the problem 



(5.7) 



Vr,r + Vz,z + 



X, 

Vr 



0, 



in Q.^^. Hence, to formulate the problem more precisely we multiply (5.7) 
by ^3 and introduce the notation 



X 



(3) 



xCs- 



Then (5.7) takes the form 



(5.8) 



^(3) 




= x^'^ - 


^(3) 
^r,r 








• ^\si ■■ 


= 0, ^(3) 


^(3) 


r—ro — 


: 0. 



VzC3,r 
+ VrC3,r 



in Q 



C2' 



in Q 



C2' 
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Since the r.h.s. of (5.8) belongs to V^{Q'^J we obtain the estimate 

(5.9) \\v'^'^\\v,Hi^-)<<\\x^'^\\vOinj)+di). 
Hence, from (5.1) and (5.9) we obtain the estimate 



'^'\\v}(aT) < 'P{di,d2, 1/ro) 



(5.10) 



+ 



xW(o) 



4 + 



i4'^(o)p 



L2(n) 



+ llx^'^(0)|U.(a) 



L2(n) 



where v' = {vr,Vz). 

From [Z2, proof of Lemma 3.7] and (5.10) we have 

(5.11) II^'IIl,o(o-) + l|Vi;'|U,„/3(oT) < cds = Ao. 

Theorem 5.3. (Global existence) (Proof of Theorem A) Let the Assump- 
tions from Section 1 hold. Then there exists a solution to problem (1.1) 



such that V G W^'^{n^^ ), Vp G ^2(0^ ), T e R+ and 
(5.12) lkllvK,2>i(fit) + ||Vp|U,(n*) <Ai + A2 + As = a, 

where t e [{k - l)To, kTo], /c G N, Tq is such that 
(5.13) 

and c* is introduced in (3.3). 



Proof. Assume that v{0) G H^{fl) is given. Then Theorem 3.1 imphes 
existence of local solution v G VFa'^l^^*); where T* satisfies (3.3). By- 
imbedding V G Lioi^'^*) so [Z4] yields 

(5.14) l|w||c(o,T.;Ci/2(n)) < d4, 

where d4 does not depend on the local solution. Then (5.10) implies that 

(5.15) \\v'{T,)\\H^n) <d3<Ai + A2 = Ao, 

where Aq docs not depend on T*. 
Hence (5.15) and (4.1) imply 

(5.16) \\v{n)\\m(n) < ds + d5 < Ai + A2 + A3 = a. 

Choosing Tq < T* satisfying (5.13) we can continue the above considera- 
tions in the interval [Tq, 2To]. In this way we show that 

(5.17) \HkTo)\\min)<a. 
This concludes the proof. 



21 



Z92 5-10-2012 



References 

BIN. Besov, O. V.; Il'in, V. P.; Nikolskij, S. M.: Integral representation of 
functions and theorems of imbedding, Nauka, Moscow 1975. 
L. Ladyzhenskaya, O. A.: The mathematical theory of viscous incom- 
pressible flow, Nauka, Moscow (in Russian). 

LSU. Ladyzhenskaya, O. A.; Solonnikov, V. A.; Uraltseva, N. N.: Linear 
and quasilinear equations of parabolic type, Nauka, Moscow 1967 (in 
Russian). 

Zl. Zaj§czkowski, W. M.: A priori estimate for axially symmetric solu- 
tions to the Navier-Stokes equations near the axis of symmetry 

Z2. Zajciczkowski, W. M.: Global special regular solutions to the Navier- 
Stokes equations in a cylindrical domain without the axis of symme- 
try. Top. Meth. Nonlin. Anal. 24 (2004), 69-105. 

Z3. Zaj§,czkowski, W. M.: Global special regular solutions to the Navier- 
Stokes equations in a cylindrical domain under boundary slip condi- 
tion, Gakuto Intern. Ser., Math. Sc. Appl. 21 (2004), pp. 188. 

Z4. Zaj§,czkowski, W. M.: The Holder continuity of the swirl for the 
Navier-Stokes motions 

Z5. Zajaczkowski, W. M.: On global regular solutions to the Navier- 
Stokes equations in cylindrical domains. Top. Meth. Nonlin. Anal. 
37 (2011), 55-85. 

S. Solonnikov, V. A.: Estimates of the solutions of a nonstationary 
linearized system of the Navier-Stokes equations, Trudy Mat. Inst. 
Steklov70 (1964), 213-317; English transl. Amer. Math. Soc. Trans. 
Ser. 2, 65 (1967), 51-137. 
ZZ. Zadrzynska, E.; Zaj§,czkowski, W. M.: Nonstationary Stokes system 
in Sobolev spaces. 

NPl. Neustupa, J.; Pokorny, M.: Axisymmetric flow of Navier-Stokes fluid 
in the whole space with non-zero angular velocity component. Math. 
Bohem. 126 (2001), 469-481. 

NP2. Neustupa, J.; Pokorny, M.: An interior regularity criterion for an 
axially symmetric suitable weak solution to the Navier-Stokes equa- 
tion, J. Math. Fluid Mech. 2 (2000), 381-396. 
P. Pokorny, M.: A regularity criterion for the angular velocity compo- 
nent in the case of axisymmetric Navier-Stokes equations, in Ellip- 
tic and Parabolic Problems (Rolduc/Gaeta, 2001), World Scientific, 
River Edge, NJ (2002), 233-242. 



22 



Z92 5-10-2012 



